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Geometry of percolating monopole clusters * 
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We perform detailed measurements of the geometrical characteristics of the percolating cluster of the magnetic 
monopole currents in the confining phase of the lattice SU(2) gluodynamics. The Maximal Abelian projection 
is used to define the monopoles. The use of the geometrical language is motivated by recent observations that 
the full non-Abelian action associated with the monopoles corresponds to point-like particles on the currently 
available lattices. Scaling behavior of various quantities is observed. 



1. INTRODUCTION 

The monopole condensation is one of the most 
favored mechanisms of the confinement, for re- 
view and references see [1]. Still, there remain 
important unresolved questions concerning this 
mechanism. The main point is that the defini- 
tion of the monopoles, which are Abelian in na- 
ture, is not unique within a non-Abelian theory. 
From pure phenomenological point of view the 
monopoles defined within the Maximal Abelian 
Projection (MAP) seem to be most successful. 

Monopoles within a particular gauge would not 
have been of much use if it were not so that they 
possess remarkable SU(2) invariant properties. 
In particular, the density of monopoles in the per- 
colating cluster scales as a physical quantity of di- 
mension d = 3 (see [2] and references therein) . It 
is worth emphasizing that apart from the perco- 
lating cluster that fills in the whole of the lattice 
[3] there exist also finite-size clusters. The per- 
colating cluster is responsible for the confinement 
and we will concentrate here on its properties. 

A further and dramatic evidence for the real- 
ity of the MAP monopoles comes from measure- 
ments of the full, non-Abelian action associated 
with the monopoles, see [4] and references therein. 
Namely, it turned out that at presently available 
lattices the action is large and ultraviolet diver- 
gent: 



where c ac tion is a constant, L is the length of the 
monopole trajectory and a is the lattice spacing. 
Moreover, the const in Eq. (1) is close to In 7 
which determines the entropy factor. It is well 
known that the physical mass, entering the prop- 
agator is proportional to the difference 
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The two terms in the r.h.s. of Eq. (2) cancel 
each other to a great extent and one can say that 
monopoles are fine-tuned [5]. 

These observation imply that at presently 
available lattices the monopoles appear not as ex- 
tended field configurations but rather as geomet- 
rical, point-like objects. Moreover, the monopoles 
are always observed as (closed) trajectory. There- 
fore the use of the language of the polymer ap- 
proach to field theory, or of quantum geometry 
(see, e.g., [6]) is quite natural. 

Below, we present results of measurements of 
the geometrical characteristics of the monopole 
trajectories belonging to the percolating cluster. 
In more detail, the percolating cluster consists of 
segments of trajectories connecting crossings. We 
measure, in particular, the average length of the 
segments and average Euclidean distance between 
the crossings, the average value of the crossings 
per unit of 4- volume. In all these cases we ob- 
serve simple scaling properties which confirm the 
reality of the MAP monopoles as of physical ob- 
jects. 
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Table 1 

SU{2) configurations. 
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2.30 


2.35 


2.40 


2.40 


2.45 


2.50 


2.55 


2.60 
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16 


16 


16 


24 


24 


24 


28 


28 


N 


100 


100 


100 


20 


10 


50 


40 


50 



2. MEASUREMENTS 



We study the geometry and scaling properties 
of the monopole trajectories obtained in the max- 
imal Abelian projection of SU(2) lattice gauge 
theory. To fix the abelian projection we use 
the simulated annealing algorithm [7]. We study 
monopoles on symmetric, L 4 , lattices (16 < L < 
24) for 7 values of [3. The size of the lattice, L, the 
coupling, /?, and the number of the independent 
gauge field configurations, N, is listed in Table 1. 
To fix the physical scale we use y/cr = 440 Mew. 

In Section 3 we study the geometrical proper- 
ties of the monopole trajectories, in Section 4 we 
discuss the scaling properties of various physical 
quantities related to monopole trajectories. 

3. LONG-RANGE CORRELATION 

The monopole trajectory is constructed from 
the links on the dual lattice. It is made from 
segments (the trajectories between crossings) and 
crossings of the trajectories. Now we show that 
the monopole trajectory is not a random walk. 
Consider the correlation of the direction of the 
link Ci which form the monopole current with the 
direction of some "initial" link Co- The consid- 
ered link is at the distance I along the monopole 
trajectory from the initial link. The direction C\ 
can be the same as Co, the opposite, or other 
(neither the same nor the opposite). In our nor- 
malization all three correlations are equal to unity 
for random walk if / ^ (for I = the opposite 
direction is forbidden). In Fig. 1 we show the 
correlations of the directions for (3 = 2.6 on the 
lattice 28 4 . 

It is seen that the monopole trajectory has a 
"long memory". Even for links separated by 17 
lattice steps from the initial link the most prob- 
able direction is the same as the direction of the 
initial link. 
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Figure 1. Correlations of the directions of the 
links lying on the monopole current. 
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4. SCALING PROPERTIES 

The average length of the segment of the 
monopole trajectory between crossings < I > 
scales, see from Fig. 2. 

Figure 2. < I > vs. lattice spacing. 
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Figure 3. < d > vs. lattice spacing. 
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Numerically, < I >~ 1.6 fm if we average the 
data for j3 > 2.4. This scaling behavior confirms 
strongly the fine tuning of the action and entropy 
factors, see discussion following Eq. (2). 

The data on the average Euclidean distance 
< d > between crossings are presented in Fig. 3. 

The violations of the scaling arc much more 
substantial in this case. Still they can be approx- 
imated by a correction linear in the lattice spacing 
a. 

Figure 4. Number of cross- 

ings per unit physical volume vs. lattice spacing. 
0.5 




Finally, we found that the number of the cross- 
ings of the monopole trajectories per unit physical 
volume seems to scale as it is seen from Fig. 4. 
The average < N cross > /L 4 <r 2 w 0.4 corre- 
sponds to approximately 10 crossings per hyper- 
cube 1 /to 4 . This quantity is probably related to 
(j> 4 constant in the effective monopole lagrangian, 
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